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We generalize the previous exact results of the Nagaoka-type itinerant ferromagnetic states in
a three dimensional t2g-orbital system to allow for multiple holes. The system is a simple cubic
lattice with each site possessing dxy, dyz, and dxz orbitals, which allow two-dimensional hopping
within each orbital plane. In the strong coupling limit of U → ∞, the orbital-generalized Nagaoka
ferromagnetic states are proved degenerate with the ground state in the thermodynamic limit when
the hole number per orbital layer scales slower than L
1
2 . This result is valid for arbitrary values
of the ferromagnetic Hund’s coupling J > 0 and inter-orbital repulsion V ≥ 0. The stability of
the Nagaoka-type state at finite electron densities with respect to a single spin-flip is investigated.
These results provide helpful guidance for studying the mechanism of itinerant ferromagnetism for
the t2g-orbital materials.
I. INTRODUCTION
Itinerant ferromagnetism, i.e., ferromagnetism of
metallic states with Fermi surfaces, remains a challeng-
ing problem of condensed matter physics. Since the
Coulomb interaction is spin-independent, it cannot di-
rectly give rise to electron spin polarizations at the
classic level, and the mechanism of itinerant ferromag-
netism is hence fundamentally quantum mechanical. As
first described through Stoner’s criterion1, itinerant fer-
romagnetism arises from the direct exchange interac-
tion among electrons with the same spin. However,
this criterion overlooks correlation effects among elec-
trons with opposite spins. In fact, even in the pres-
ence of very strong interactions, electrons can remain
unpolarized and build up highly correlated wavefunc-
tions to reduce repulsive interactions. Due to the intrin-
sic strong-correlation nature of the problem, it is usu-
ally difficult to obtain a precise description based on
perturbative approaches, and thus non-perturbative re-
sults have played important roles in the study of itin-
erant ferromagnetism2–14. The previously known exact
results of ferromagnetism are largely classified into two
categories: Nagaoka ferromagnetism3,15 for single-band
Hubbard systems and flat-band ferromagnetism7,8.
A key result in the study of itinerant ferromagnetism is
Nagaoka’s theorem for the Hubbard model, which proves
the ground state to be fully spin-polarized for exactly one
hole away from half-filling in the U → ∞ limit3. The
underlying physics is that the fully polarized state max-
imally facilitates the hole’s coherent hopping to reduce
the kinetic energy. Tasaki15 simplified the proof of Na-
gaoka’s theorem by using the Perron-Frobenius theorem2.
However, this method typically breaks down for fermionic
systems with multiple holes in two or higher dimensions
because of the fermion sign originating from the anti-
symmetry under exchange. For the case of a single-band
Hubbard model in the U → ∞ limit, the Nagaoka-type
ferromagnetic state with multiple holes was proven to
be degenerate with the ground state under the following
conditions16,17: The hole number Nh ∼ L
α for 0 ≤ α < 1
on an L × L square lattice in the limit of L → ∞. This
stability was investigated using a squeeze theorem argu-
ment in which a variational upper bound to the ground
state energy was shown to be equal to a lower bound
for suitably low Nh in the thermodynamic limit. The
variational trial state used was the fully spin-polarized
Nagaoka-type state. The lower bound was given by the
Gershgorin circle theorem from linear algebra, which is
explained in the Appendix.
In contrast to single-band Hubbard models, most
itinerant ferromagnetic metals are orbital-active. In
such systems, the multi-orbital structure together with
Hund’s interaction play an important role in the on-
set of itinerant ferromagnetism despite Hund’s inter-
action being local and typically only polarizing spins
on the same site. Recently, exact results of itinerant
ferromagnetism in strongly correlated multi-orbital sys-
tems were proven, providing a sufficient condition for
ferromagnetism driven by Hund’s coupling18. Different
from the Nagaoka theorem, an entire phase of itiner-
ant ferromagnetism is set up with a wide range of elec-
tron filling. Furthermore, since such systems are free
of the fermion sign-problem of quantum Monte-Carlo
simulations18, the Curie-Weiss metal phase and critical
scalings of the ferromagnetic phase transitions have been
simulated by quantum Monte-Carlo to high numerical
precision19. However, the proof of the ground state fer-
romagnetism is based on the Perron-Frobenius theorem,
which requires one-dimensional bands to avoid issues re-
lated to fermionic exchange. In order to generalize itin-
erant ferromagnetism to orbital-active systems with a
quasi-two dimensional band structure, a t2g-orbital sys-
tem was previously studied20 with the number of holes
restricted to exactly one away from half-filling in each
orbital plane. In this case, a multi-orbital generalization
of the Nagaoka-like ferromagnetic state was proven to be
the unique ground state up to spin degeneracy. Never-
theless, its stability has not been previously studied.
In this article, we extend the multi-orbital Nagaoka-
2type ferromagnetic states proven in Ref. [20] to the multi-
hole case and investigate its stability. The analyses are
done in the presence of two- and three-dimensional band
structures in the strong correlation regime. By gener-
alizing the method used in Refs. [16 and 17] to include
Hund’s coupling and inter-orbital repulsion, we show that
in the strong interaction limit, the generalized Nagaoka
ferromagnetic state with the t2g-orbitals remains degen-
erate with the ground state in the multi-hole case in the
thermodynamic limit. Although the hole density remains
zero, the hole number can go to infinity, scaling as a fi-
nite power of the system size. An analysis of the stability
of the generalized Nagaoka state against flipping a single
spin is also performed, which shows that the region of
instability shrinks in the presence of Hund’s coupling.
The remainder of the article is organized as follows: In
Sect. II, we introduce the multi-orbital Hubbard model
for a three-dimensional (3D) t2g-orbital system with a
two-dimensional (2D) band in a cubic lattice. In Sect.
III, we analyze the stability of the ferromagnetic ground
state in the presence of multiple holes for the multi-
orbital model presented in Sect. II. Then, by analyzing
the change in energy due to a single flipped spin21, a
region in which the fully polarized state is no longer a
ground state is identified. The Nagaoka type ferromag-
netic state and its stability in the presence of a 3D band
structure is studied in Sect. IV. Conclusions and discus-
sions are presented in Sect. V.
II. THE t2g ORBITAL SYSTEM WITH
MULTI-ORBITAL INTERACTIONS
In this section, we present the band structure of the 3D
t2g orbital system and the on-site multi-orbital Hubbard
interactions.
The system to be studied is a 3D multi-orbital Hub-
bard model on an L × L × L simple cubic lattice with
dxy, dyz, and dxz orbitals at each site with on-site multi-
orbital interactions. The Hamiltonian can be written as
H = HK +HU +HV +HJ , (1)
where HK , HU , HV , and HJ represent the kinetic en-
ergy, the intra-orbital Hubbard interaction, the inter-
orbital Hubbard interaction, and the inter-orbital Hund’s
coupling, respectively. Since the t2g orbitals are planar,
the hopping term for each orbital is anisotropic in gen-
eral. For the system with quasi-2D band structure stud-
ied here and in Sect. III, transverse hopping perpen-
dicular to the orbital plane is much weaker than intra-
plane hopping and hence will be neglected. A fully 3D
band structure including transverse perpendicular hop-
ping terms will be considered in Sect. IV. With intra-
plane hopping neglected, the kinetic term corresponding
to the dxy orbital takes the form
HKxy = t
∑
r,σ
(
d†xy,σ(r)dxy,σ(r+ xˆ)
+ d†xy,σ(r)dxy,σ(r+ yˆ) + h.c.
)
,
(2)
where the lattice constant is taken to be 1 and t is the
hopping integral. The hopping terms for the other orbital
planes have the same form with the directional indices
replaced as necessary, and the full kinetic term HK is a
sum of hopping terms for the dxy, dyz, and dxz orbital
planes.
For a simple cubic lattice with negligible transverse
hopping, Eq. (2) and its yz and xz counterparts consti-
tute all nearest neighbor hoppings allowed by symmetry.
Different orbitals do not mix at this level due to the cu-
bic symmetry of the system, which can be seen as follows.
Without loss of generality, consider an x-bond between
the sites r and r + xˆ. Since this bond is invariant un-
der reflections with respect to both the xy-plane and the
xz-plane, hopping along this bond should respect these
symmetries. The dxy orbital is even while dxz and dyz
orbitals are odd under the former reflection. Thus, dxy
does not mix with either dxz or dyz through this hopping.
Furthermore, dxz is even while dyz is odd under the latter
reflection, and thus they do not mix either.
The on-site multi-orbital Hubbard interactions consist
of intra-orbital and inter-orbital terms. The intra-orbital
interaction HU is expressed as
HU = U
∑
r,a
na,↑(r)na,↓(r), (3)
where a is the orbital index and na,σ(r) = d
†
a,σ(r)da,σ(r).
The inter-orbital interaction takes the form
HV = V
∑
r,a>b
(1− na(r))(1− nb(r)), (4)
where na(r) = na,↑(r)+na,↓(r). H
V is expressed in terms
of the hole number occupation, which is equivalent to the
corresponding electron number form up to an overall con-
stant. Since we will explore the stability of the Nagaoka
state in which nearly every orbital on every site is filled,
the hole representation will be more convenient.
The final interaction in the model, the on-site inter-
orbital Hund’s coupling, reads
HJ = −J
∑
r,a>b
(
Sa(r) · Sb(r)−
1
4
na(r)nb(r)
)
. (5)
For any two orbitals a and b on site r, the energy from
the Hund’s coupling is non-negative if J > 0. The energy
contribution is J if both orbitals are filled and form a spin
singlet and zero otherwise.
Below, we will consider the limit of U → ∞, in which
no individual orbital can hold two electrons. Instead,
individual sites can hold up to three electrons, all in dif-
ferent orbitals, with their interaction determined by HV
3and HJ . We also only consider the case of V ≥ 0, i.e.,
with repulsive inter-orbit interaction, and J > 0, i.e.,
ferromagnetic Hund’s coupling.
III. STABILITY OF THE GENERALIZED
NAGAOKA-LIKE STATE
In this section, we investigate the stability of the gen-
eralized Nagaoka state in the 3D t2g orbital systems with
quasi-2D band structure. Such a state with a single hole
per orbital layer was proven previously in Ref. [20].
Since the hopping term HK only allows holes to hop
within orbital planes, the number of holes in each orbital
plane is conserved. For simplicity, assume that each or-
bital plane has the same number nh of holes. Since there
are L layers for each of the three orbital plane directions,
the total number of holes is then Nh = 3Lnh. Note that
in what follows, the number of holes will always refer to
the number of holes above the half-filled background, or
the number of electrons below half filling.
As in Ref. [20], conservation of hole number in each
orbital plane allows the overall Hilbert space to be writ-
ten as a tensor product of Hilbert spaces for each layer in
each orbital plane direction. For the l-th layer of orbital
type a, we define a reference state |Ra,l,↑〉 in which each
orbital is filled with a spin-↑ electron. |Ra,l,↑〉 is equiva-
lent to the state with all single-particle momentum states
k in the 2D Brillouin zone fully filled. Now we add nh
holes by removing nh electrons one by one from the high-
est filled single particle state. The resulting many-body
state, a Slater determinant state with all electron spins
up, is expressed as
|ha,l,↑〉 =
nh∏
i=1
da,l(ki)|Rl,a,↑〉, (6)
where da,l(ki) =
1
L
∑
r
da,l(r)e
ikir and ki and r represent
2D momentum and lattice vectors, respectively. The mo-
menta take values ki = (
2m1π
L ,
2m2π
L ) with m1,2 integers.
We consider the limit of nh/L
2 → 0, where the single
particle spectrum becomes parabolic. From the sign con-
vention of t in Eq. (2), m1 and m2 start from (0, 0) and
take values in ascending order of m21 +m
2
2.
A. Estimation of the upper bound
In order to show the existence of a fully spin-polarized
ground state, consider a trial state
|ψt〉 =
L⊗
l=1
|hxy,l,↑〉 ⊗ |hyz,l,↑〉 ⊗ |hxz,l,↑〉, (7)
where the constraint of nh holes per layer is enforced by
the form of the basis states. This is a fully spin-polarized
state with the maximum spin S = Sz =
Ns
2
for Ns spins.
Since the Hamiltonian possesses SU(2) symmetry, apply-
ing ST,− = ST,x − iST,y successively on |ψt〉 where ~ST is
the total spin operator produces a 2Ns + 1 SU(2) multi-
plet.
An upper bound on the ground state energy Eg is de-
rived by evaluating the energy expectation value ET of
the Nagaoka-like trial state |ψt〉
ET = EK + EU + EJ + EV , (8)
where EK = 〈ψt|HK |ψt〉/〈ψt|ψt〉 and expressions for EU ,
EJ , and EV can be defined similarly. EU = 0 since
every individual orbital is at most singly occupied in the
U →∞ limit. Since |ψt〉 describes a fully polarized state,
any two electrons form a spin triplet and EJ = 0 as
well. EV can be evaluated easily by noting that the hole
distributions on different layers are uncorrelated for this
trial state, and thus
EV = V
∑
r,a>b
〈ψt|1− na(r)|ψt〉〈ψt|1− nb(r)|ψt〉
〈ψt|ψt〉2
= 3
n2h
L
V. (9)
The upper bound on the kinetic energy can be estimated
as follows. EK is the sum of the kinetic energies of each
layer. Up to a constant, the dispersion for each band can
be rewritten in terms of hole number occupation as
HKxy = −4t
∑
k,σ
(
1−
k2
4
)
(1− nxy,σ(k)) (10)
with parabolic dispersion near k = 0 in the nh/L
2 → 0
limit. Expressions for HKyz and H
K
zx follow by changing
the indices. Since the trial state corresponds to removing
nh electrons from the band maximum of the fully filled
Brillouin zone, or equivalently adding nh holes to the
band minimum in the hole description, the kinetic energy
for a single layer can be estimated as
−4nht+ tL
2
∫ k0
0
k3dk
2π
= −4nht+ tO(
n2h
L2
), (11)
where (L/2π)2πk20 ≈ nh. Summing over all 3L layers
gives
EK = −12nhLt+ tO(
n2h
L
). (12)
Including the EV contribution, the total trial state en-
ergy serves as an upper bound on the ground state energy
Eg of
Eg ≤ −12nhLt+ tO(
n2h
L
) + 3V
n2h
L
. (13)
B. Estimation of the lower bound
Since both HJ and HV are non-negative operators,
their lower bounds are zero. Thus, a lower bound on HK
4is also a lower bound on Eg. Since H
K is the sum of the
kinetic energies of each layer, the sum of the lower bounds
on the kinetic energy of each layer is also a lower bound
on Eg. The lower bound on the kinetic energy of each
layer is simply −4nht, which has been worked out
16,17 by
applying the Gershgorin circle theorem and considering a
configuration where each hole has no neighboring holes.
A brief review of this result is provided in the Appendix.
Summing over each layer, we arrive at the lower bound
on the ground state energy
−12nhLt ≤ Eg. (14)
Combining the upper and lower bounds, the ground state
energy satisfies
−12nhLt ≤ Eg ≤ −12nhLt+ tO(
n2h
L
) + 3V
n2h
L
. (15)
So far, we have assumed the same number of holes nh
in each layer. In fact, the result of Eq. (15) can be
straightforwardly generalized to the case with different
number of holes in different layers as
−4Nht ≤ Eg ≤ −4Nht+ tO(
n2h,m
L
) + 3V O(
n2h,m
L
),(16)
where Nh is the sum of hole numbers of all layers, and
nh,m is the maximal layer hole number. As a result, the
generalized Nagaoka trial state becomes degenerate with
the energy of the ground state Eg in the thermodynamic
limit, when the maximal layer hole number nh,m in each
layer scales as Lα with α < 1
2
. Hence, the total bulk hole
number can increase to the order of L
3
2 , which is higher
than the single band case in the 3D cubic lattice16,17, in
which α < 6
5
. This is due to the combined effect of the
quasi-2D band structure and the Hund’s coupling.
C. Instability against a single spin-flip
The Shastry-Krishnamurthy-Anderson method21,22
provides a useful way to identify a region of instability
of the Nagaoka trial state. Here we generalize it for the
multi-orbital systems. The method considers modifying
the state by removing a spin-up particle from the Fermi
surface of one orbital layer, flipping its spin, and adding it
back to the bottom of spin-down band. The U =∞ limit
is enforced by projecting out doubly occupied orbitals in
real space. This procedure takes the form
|φl,a〉 =
∏
r∈l
[1− na↑(r)na↓(r)]d
†
a↓(q)da↑(kF )|ψt〉, (17)
where r, q, and kF are all in layer l and orbital type a.
Here kF is a Fermi wave vector and q is a momentum vec-
tor at the band bottom. The energy difference between
|φl,a〉 and |ψt〉 as a function of the filling can be com-
puted, and a region of instability can be identified when
|φl,a〉 has lower energy. Since a spin has been flipped in
only one band relative to the fully polarized generalized
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FIG. 1. The electron density n¯c below which the generalized
Nagaoka state becomes unstable to a single spin flip. W = 8t
is the band width for a 2D square band. When J/W is larger
than a critical value around 0.57, a single spin flip is not
sufficient to destabilize the state for any electron density.
Nagaoka state, the energy difference between |φl,a〉 and
|ψt〉 follows only from the kinetic energy change in the
up and down spins in layer l and from the Hund’s inter-
action between orbital a and the other two orbital types
at sites on layer l.
The kinetic energy difference due to a spin flip in a
single band on a square lattice, as evaluated in Ref. [21]
is
∆EK = −ǫF −
ENag
nh
− 4t
nh
L2
[
1−
(
ENag
4tnh
)2]
, (18)
where ENag/L
2 =
∫ ǫF
−4t ǫρ2D(ǫ)dǫ and nh/L
2 =∫ 4t
ǫF
ρ2D(ǫ)dǫ. Here ρ2D(ǫ) =
1
2π2tΘ(4t − |ǫ|)K(1 −
ǫ2/16t2), with K a complete elliptic integral of the first
kind, is the density of states for a square lattice with
nearest neighbor hopping. Eh is the kinetic energy of
a single-band Nagaoka state with nh holes on a square
lattice, corresponding to the state in Eq. (6).
Since HV is only concerned with the number of holes,
flipping a single spin does not change EV , i.e., ∆EV = 0,
as can be verified by explicit calculation. What remains
is then to evaluate ∆EJ = 〈φl,a|H
J |φl,a〉/〈φl,a|φl,a〉. Ex-
pressing the spin operators in terms of dσ and d
†
σ, the
only terms that can possibly contribute to 〈HJ 〉 are those
involving a down spin operator in only orbital a,
∆EJ =
J
2
∑
r∈l,
b6=a
〈φl,a|na↓(r)nb↑(r)|φl,a〉
〈φl,a|φl,a〉
. (19)
Since |φl,a〉 is a direct product of wavefunctions of each
layer, na↓ and nb↑ are uncorrelated, in spite of the strong
5intra-layer correlations. Then we have
∆EJ =
J
2
∑
r∈l,
b6=a
〈φl,a|na↓(r)|φl,a〉〈φl,a|nb↑(r)|φl,a〉
|〈φl,a|φl,a〉|2
=
J
2
L2
∑
b6=a
n¯la↓n¯lb↑, (20)
where n¯la↓ and n¯lb↑ are independent of r since |φl,a〉 is a
momentum eigenstate. It is easy to evaluate that n¯la↓ =
1/L2 and n¯lb↑ = 1− nh/L
2, hence,
∆EJ = Jn¯, (21)
where n¯ = 1 − nhL2 is the electron density per site in the
orbital plane.
Combining the Hund’s interaction energy change with
the kinetic energy change from Ref. [21], we have
∆E(n)/t = (∆EK +∆EV +∆EJ )/t
= −w − 4(1− n¯) +
wy
1− n¯
(
wy
4
− 1) +
J
t
n¯, (22)
where w = ǫF /t, y =
∫ 1
−4/w
xρ2D(xǫF )dx, and w(n¯) is de-
termined through the relation of n¯ =
∫ 1
−4/w
ρ2D(xǫF )dx.
The electron density n¯c below which the generalized Na-
gaoka state becomes unstable to a single spin flip can be
solved by requiring ∆E(n¯c) = 0. The critical density
n¯c(J/W ) is plotted in Fig. 1 where W = 8t is the band
width. As J increases, the ferromagnetic ground state
becomes more and more stable. There exist a value of
J/W ≈ 0.57, beyond which the Nagoka state is stable
against a single spin-flip at any electron density.
IV. THE STABILITY OF THE t2g NAGAOKA
STATE WITH 3D BAND STRUCTURE
In this section, we consider the stability of the 3D Na-
gaoka state with t2g-orbitals and a 3D band structure.
Consider a Hamiltonian
H = HK +HU +HV +HJ (23)
as before, but where the kinetic terms now allow for per-
pendicular hopping within the same d orbital. Electrons
now hop along the cube, remaining in the same orbital
type, and the system is now composed of three cubic
orbital bands. Explicitly, the perpendicular dxy orbital
hopping modifies HKxy to
HKxy = t
∑
r,σ
(
d†xy,σ(r)dxy,σ(r+ xˆ) + d
†
xy,σ(r)dxy,σ(r+ yˆ)
+ d†xy,σ(r)dxy,σ(r+ zˆ) + h.c.
)
. (24)
The hopping Hamiltonians of the dyz and dxz orbital
bands can be similarly modified.
We can prove in the case where each orbital band has
exactly one hole that the Nagaoka state is the unique
ground state, up to trivial spin degeneracy. This can be
done through Perron-Frobenius methods used in Refs.
[15] and [20] as follows. Since the off-diagonal matrix el-
ements, the hopping terms and spin-flipping Hund’s cou-
pling terms, all have negative matrix elements in the basis
used in Ref. [20], the non-positivity condition is satisfied.
Now let us check the transitivity condition. Within each
orbital band, it is satisfied, since any two spins can be
exchanged by repeatedly exchanging neighboring spins
by cycling the hole around the square plackets. Spins
in different orbitals can be exchanged by moving the
spins to the same site, exchanging them using the Hund’s
coupling, and returning the spins to their original posi-
tions following the method presented in Ref. [20]. Since
both the connectivity and non-positivity conditions of the
Perron-Frobenius theorem are satisfied, and the ground
state must be a positive-weight superposition of all basis
elements. Since the maximum total-spin state is sym-
metric under exchange of any two spins, it has nonzero
overlap with this positive-weight superposition, and thus
the positive-weight superposition must be a maximum
total-spin state due to the SU(2) symmetry.
With the Nagaoka-like state established as the ground
state when there is a single hole in each of the three
orbital bands, the stability of this state can be analyzed
in the presence of multiple holes as in the case of 2D band
structure studied above. Define the reference state |Ra,↑〉
where all momentum states k in the 3D Brillouin zone
are filled. In this case, there is no need for a layer index.
Adding nh holes to each band then takes the form of Eq.
(6) with no layer index. The trial state of interest is then
|ψt〉 = |hxy,↑〉 ⊗ |hyz,↑〉 ⊗ |hxz,↑〉, (25)
which corresponds again to filling holes up to their Fermi
energy in each band.
Now let us calculate the energy expectation value of
the trial state |ψt〉. EU = 0 since no orbital is doubly
occupied, and EJ = 0, since the trial state is fully spin-
polarized. In this case,
EV = V
∑
r,a>b
〈ψt|1− na(r)|ψt〉〈ψt|1− nb(r)|ψt〉
〈ψt|ψt〉2
= 3
n2h
L3
V, (26)
since the nh holes in each band are now distributed over
L3 sites. The kinetic energy EK can now be evaluated
for each band as
−6nht+ tL
3
∫ k0
0
k4dk
4π2
= −6nht+ tO(
n
5/3
h
L2
), (27)
where 6L3/π2k30 ≈ nh. Including all three bands gives a
factor of 3, and the resulting upper bound for the ground
state energy is
Eg ≤ −18nht+ tO(
n
5/3
h
L2
) + 3V
n2h
L3
. (28)
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FIG. 2. The critical value of electron density n¯c below
which the Nagaoka-like state |ψ3Dt 〉 becomes unstable to a
single spin flip. W = 12t is the band width for the 3D cubic
bands. Unlike in the case of 2D bands, n¯c does not approach
zero for finite J/W because the 3D density of states vanishes
at low density limit.
The lower bound follows similarly to the t2g case. In the
case of 3D bands, the lower bound to the kinetic energy
follows from maximizing the number of possible hole hop-
pings, which allows each hole to hop to six neighboring
sites. Thus, each of the three band contributes −6nht to
the lower bound, and the ground state energy is bounded
by
−18nht ≤ Eg ≤ −18nht+ tO(
n
5/3
h
L2
) + 3V
n2h
L3
. (29)
This Nagaoka-type trial state will be degenerate with the
ground state in the thermodynamic limit when nh scales
as Lα where α < 6
5
.
An instability analysis of the ferromagnetic state for
the case with 3D band structure can be performed as in
Sec. III C. The resulting kinetic energy change is21
∆EK = −ǫF −
ENag
nh
− 6t
nh
L3
[
1−
(
ENag
6tnh
)2]
(30)
where ENag/L
3 =
∫ ǫF
−6t
ǫρ3D(ǫ)dǫ and nh/L
3 =∫ 6t
ǫF
ρ3D(ǫ)dǫ, with ρ3D(ǫ) the density of states on a 3D
simple cubic lattice. The energy change due to HV and
HJ can be shown to take the same form as in the case
of 2D bands with ∆EV = 0 and ∆EJ = Jn¯ where n¯
is the electron density in each orbital band defined as
n¯ = 1 − nh/L
3. Then the total energy change can be
expressed as
∆E(n¯)
t
= −w − 6(1− n¯) +
wy
1− n¯
(
wy
6
− 1) +
J
t
n¯,
(31)
where w = ǫF/t, y =
∫ 1
−6/w xρ3D(xǫf )dx and w(n¯) is
determined by n¯ =
∫ 1
−6/w ρ3D(xǫF )dx.
Again the critical density n¯c(J/W ) below which the
Nagaoka-like state becomes unstable to a single spin flip
is solved and shown in Fig. [2], where W = 12t is the
band width. At J = 0, the value of n¯c = 0.68 is consistent
with previous results in Ref. [21] for a model with a
single 3D band. The Hund’s coupling further stabilizes
the Nagaoka-like state, which is similar to the case with
2D band structure in Sect. III C. However, a significant
difference is that n¯c does not drop to zero even at large
values of J/W .
The different behavior of n¯c for 2D and 3D bands is
due to the different scalings of density of states at low
energy. It is easy to check that in the low density limit,
the energy costs of a single spin-flip in Eq. (22) and Eq.
(31) can be expanded to the leading order as
∆Ed(n¯d) ≈ −(ǫF − ǫb) + Jn¯d, (32)
where ǫb is the band bottom energy and n¯d is the particle
density for d-dimensional bands. In the low density limit,
ǫF−ǫb ∝ (n¯d)
2/d. In 3D, the kinetic energy change in Eq.
(32) dominates the Hund’s coupling energy cost, allowing
a single spin-flip to lower the total energy and destablize
the Nagaoka state. By contrast, both terms in Eq. (32)
scale the same in 2D, and a single spin-flip costs energy
when J is large enough.
V. CONCLUSIONS AND DISCUSSIONS
We have studied the stability of the generalized Na-
gaoka ferromagnetic state in a 3D cubic lattice with the
t2g-orbitals. Applying the bounding method of Refs. [16
and 17], for a cubic lattice with size L × L × L and a
quasi 2D t2g-orbital band structure, the fully polarized
Nagaoka state becomes degenerate with the ground state
as L → ∞ when the number of holes in each orbital
plane scales slower than L
1
2 , or, the total hole number
scales slower than L
3
2 . For the case with 3D band struc-
ture, we have generalized the Nagaoka theorem to the
case that each orbital has a single hole. Again for the
multi-hole case, the fully polarized Nagaoka ferromag-
netic state remains degenerate with the ground state at
L → ∞ when the hole number scales slower than L
6
5 .
These results apply in the limit of U →∞ and arbitrary
ferromagnetic Hund’s coupling J > 0 and inter-orbital
repulsion V ≥ 0. We have also examined the stability
of the orbital-generalized Nagaoka states against a single
spin flip for both quasi-2D and 3D band structures. In
both cases, the instability region shrinks as the Hund’s
coupling increases.
The above bounding estimation only proves the degen-
eracy of the Nagaoka-type ferromagnetic state with the
ground state but does not prove the uniqueness of the
ground state. Hence, even within the above bounds, the
above results actually do not prove the ground state fer-
romagnetism for the multi-hole case. Nevertheless, the
stability of the ground state ferromagnetism is still con-
ceivable. The above analysis does not imply that the fully
polarized state must break down when the hole number
7exceeds the above bounds. Recent numerical calcula-
tions based on the density-matrix-renormalization-group
method have shown evidence of the stability of Nagaoka
state at finite hole densities for the 2D single-band case23,
although exact proof remains an open question.
The above study is not just of academic interest. In
fact, itinerant ferromagnetism has been discovered in the
t2g-orbital active materials SrRuO3, which is a weak fer-
romagnet with partial polarization and its Curie temper-
ature Tc ≈ 160K
24–26. Its electronic structure can be
modeled by the multi-orbital Hubbard model with the
quasi-2D band structure and the prominent Hund’s cou-
pling. Certainly, the filling is 4/3 electron per orbital on
each site, and thus significantly way from the half-filling
which corresponds to one electron per orbital. The real
system of SrRuO3 implies that the Hund’s rule-facilitated
itinerant ferromagnetism may remain stable at finite val-
ues of U and away from half-filling. Our work provides a
useful guidance for studying itinerant ferromagnetism in
this class of materials.
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Appendix: Stability of One-Band Nagaoka State
The method of applying the Gershgorin circle theorem
to study the stability of the Nagaoka state was used for a
one-band Hubbard model on a square lattice in Ref. [16],
where the model used corresponds to H = HU + HKxy.
The method, as generalized to a d-dimensional hypercu-
bic lattice in Ref. [17], is reviewed here for complete-
ness. For a single-band Hubbard model, the fully po-
larized Slater determinant state |h〉 in Eq. (6) can be
taken as a variational trial state. In 2D bands on a sim-
ple square lattice, this trial state corresponds to a single
orbital plane a, l. The trial state can be generalized to
d-dimensional bands on a hypercubic lattice by taking r
and k to be d-dimensional lattice and momentum vectors,
respectively.
The energy EK of this trial state was evaluated by
considering the dispersion for a d-dimensional hypercubic
lattice. In terms of the hole number occupation picture,
HK = −2dt
∑
k,σ
(
1−
k2
2d
)
(1− nσ(k)). (A.1)
This parabolic dispersion holds in the limit nh/L
d → 0.
The energy of the trial state can then be evaluated as
EK = −2dtnh + tL
d
∫ k0
0
Ωdk
d+1dk
(2π)d
(A.2)
where Ωd is the surface area of a unit d-sphere and
(L/2π)dVdk
d
0 ≈ nh, with Vd the volume of a unit d-
sphere. The upper bound on the ground state energy
is then
Eg ≤ −2dtnh + tO

n d+2dh
L2

 . (A.3)
The lower bound follows from the Gershgorin circle
theorem, which states that for any eigenvalue λ of a
square matrix H , there exists a row i such that
|λ−Hii| ≤
∑
j 6=i
|Hij |. (A.4)
It follows that a lower bound on the ground state energy
is given by
min
i
{Hii −
∑
j 6=i
|Hij |} ≤ Eg. (A.5)
Intuitively, the lower bound is the configuration that
minimizes the energy of an analogous bosonic system,
where sign changes from hopping are neglected. For the
2D square lattice, this configuration corresponds to plac-
ing all holes on either the even or odd sublattice, allowing
each hole to hop to four neighboring sites. Thus,
− 4nht ≤ Eg. (A.6)
The lower and upper bounds on the ground state energy
coincide in the thermodynamic limit as long as nh ∼ L
α
where 0 ≤ α < 2dd+2 . Thus, the fully spin-polarized trial
state is a ground state that remains stable for a number
of holes that grows sufficiently slowly.
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